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later. Each job has an arbitrary but �xed releasetime which speci�es the earliest possible time thatthe job can start.Each job has a variable execution time which isknown to lie within a given range. We assume thatjobs are scheduled preemptively in a priority-drivenmanner. Each job has a �xed priority. Jobs may havecritical sections which synchronize access to sharedresources. We con�ne our attention to systems whereall resource accesses are made according to the Non-preemptable Critical Section (NPS) protocol; eachjob is nonpreemptable when it is in a critical section[1]. Therefore uncontrolled priority inversion [2] can-not occur.We do not consider the problem of how to assignpriorities to jobs in this paper. Rather, we form waysto �nd upper bounds on the completion times of jobsunder a given priority assignment, i.e., the problemaddressed here is that of schedulability analysis of thesystem rather than the scheduling problem. Specif-ically, we describe here a progression of three algo-rithms that compute upper bounds on the comple-tion times of jobs when they are scheduled accordingto a priority-driven algorithm. The �rst algorithmcomputes an upper bound on the e�ective responsetimes (ERT) of individual jobs in each chain and istherefore called Algorithm ERT. The second algo-rithm is based on an analysis of the critical job, aconcept which we will de�ne later; it is called Algo-rithm CJA. The third algorithm iteratively appliesAlgorithm CJA to yield tighter bounds and is calledAlgorithm ITR. Algorithms ERT, CJA and ITRyield increasingly tighter upper bounds, but at in-creasingly higher complexity. While Algorithm ERTand Algorithm CJA can be used for on-line admis-sion control (i.e., to determine whether the systemcan accept a new chain of jobs and still ensure on-time completion of all jobs), Algorithm ITR is moresuitable for o�-line schedulability analysis.A great deal of work has been done on timing anal-ysis for periodic tasks [3{7]. A periodic task is an in-�nite stream of identical jobs that are released peri-odically. The objective of timing analysis is to bound
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2the response times of all jobs in each task. Lehoczky[5] developed a time-demand analysis method for thispurpose. Harbour et.al. [7] developed a method tobound the response times of jobs where each periodictask is a chain of subtasks. These existing methodseither cannot be applied to bound the completiontimes of dependent jobs that have arbitrary releasetimes (e.g., the methods based on schedulable uti-lization bounds [3, 8]) or yield unsatisfactorily loosebounds (e.g., the time-demand analysis method [5]).A reason for the poor performance of existing meth-ods is that they ignore the actual release times of jobsbut work with the worst-case combination of releasetimes. While this treatment makes sense in timinganalysis for periodic tasks which may have releasetime jitter, it causes the algorithms to be very pes-simistic when applied to dependent jobs that haveknown and �xed release times. As a matter of fact,Algorithm ERT described in this paper also ignoresthe release times of jobs. As we will see in SectionVI, the performance of this algorithm is poor com-pared with the other two algorithms which make useof information on release times.The problem solved by our algorithms is also re-lated to the validation problem. Both problems dealwith a set of jobs with variable execution times. Ha[9] has studied the validation problem in multipro-cessor or distributed systems. In her work, a systemis predictable if the completion time of a job can bebounded by the completion times of the job in themaximum schedule and minimum schedule, wherethe maximum(minimum) schedule is obtained by ap-plying the priority-driven algorithm to the set of jobsassuming that all jobs have their maximum (mini-mum) execution times. As shown by an example inthe next section, the execution of a set of dependent,preemptable jobs (with or without critical sections)on a single processor is not predictable. Boundingthe completion times of jobs is a reasonable approachto validating the timing constraints for these kinds ofsystems. Our algorithms provide tighter bounds and,thus, more accurate conclusions on the satis�abilityof timing constraints than the general bounds pro-vided by algorithms in [9].The rest of the paper is organized as follows. Sec-tion II formally de�nes the problem addressed andintroduces the notations used in the paper. Sec-tions III, IV, and V present Algorithms ERT, CJAand ITR, respectively. Section VI presents the per-formance of the three algorithms obtained by sim-ulation while Section VII discusses modi�cations tothe algorithms when jobs have jittered release times.Section VIII concludes the paper.

II. Problem FormulationAgain, the problem addressed here is how to deter-mine whether every job in n independent job chains,denoted J1;J2; : : : ;Jn, can complete in time whenthe jobs are scheduled on a processor according to apriority-driven algorithm. We let Ji;j denote the jthjob of job chain Ji. By independent chains, we meanthat Ji;1 has no predecessor for every i = 1; 2; : : : ; n,and there are no precedence constraints between anypair of jobs in two di�erent chains. We assume thateach job Ji;j has a �xed priority �i;j and is preempt-able, except where stated otherwise. The executiontime of job Ji;j is in the range [e�i;j; e+i;j]. Both themaximum execution time e+i;j and the minimum exe-cution time e�i;j, as well as the release time ri;j of Ji;jare known, but the actual execution time ei;j is notknown.The release time ri;j of job Ji;j is arbitrary but�xed. Ji;1 is ready for execution at its release timeri;1; for each j > 1, Ji;j cannot execute until its im-mediate predecessor Ji;j�1 completes. We assumethat the release time ri;j of every job Ji;j is con-sistent with its precedence constraints. Speci�cally,the release time ri;j of a job Ji;j is no sooner thanri;j�1 + e�i;j�1, which is the earliest time at whichits immediate predecessor can complete. When thegiven release times do not satisfy this assumption,we replace them with e�ective release times that do.The e�ective release time of Ji;1 is equal to its givenrelease time. The e�ective release time of Ji;j is equalto its given release time or the sum of the e�ectiverelease time of Ji;j�1 and e�i;j�1, whichever is larger.We lose no generality by working with the e�ectiverelease times of jobs.Each job may also require exclusive use of someresources. We assume that the overlapping criticalsections of every job are properly nested. Hereafter,by a critical section we mean an outermost criticalsection. The maximum execution time of every crit-ical section is known a priori. We let dki;j denote themaximum duration of the kth critical section xki;j ofthe job Ji;j : dki;j is the maximum execution time ofxki;j when the job executes alone. Finally, we let Di;jdenote the maximum duration of all the critical sec-tions of the job.As stated earlier, the NPS protocol is used to con-trol accesses to resources by jobs. Such a protocolguarantees that each job can be blocked by at mostone lower priority job for the duration of one criticalsection. This fact is stated formally by the followinglemma, the proof of which can be found in [1]. Theterm blocking time used in the lemma refers to thelength of the delay su�ered by a job due to priority
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J2,1 J2,2 J2,3Fig. 1. Simple Job Set in Example 1TABLE IParameters of Jobs in Example 1Ji;j �i;j ri;j e�i;j e+i;j Di;jJ1;1 2 0 10 40J1;2 4 20 5 10J1;3 2 75 20 30 10J1;4 4 130 15 50J2;1 3 30 10 10J2;2 3 60 5 40 20J2;3 1 120 20 70 60inversion: a lower priority job executes while the jobwaits. (The lower priority job is said to block thejob.)Lemma 1: The maximumblocking time of a job isthe duration of the longest critical section of all lowerpriority jobs that can block it.Clearly, a job Ji;j can never be blocked by a lowerpriority job in the same job chain Ji. The set of jobsthat can block a job Ji;j in Ji includes all the jobsthat are in chains other than Ji, have lower prioritiesthan Ji;j and have one or more critical sections.An example of such a system is shown in Figure 1.In this example, referred to as Example 1 later, thereare two job chains, J1 and J2. J1 has four jobs andJ2 has three. There are three critical sections, onein job J1;3, one in job J2;2, and the other in job J2;3.The parameters of each job are given in Table I. Weuse integers to represent priorities; the greater theinteger, the higher the priority.A job is ready at the instant when it is released orwhen its immediate predecessor completes, whicheveris later. Let yi;j denote the ready time of job Ji;j andci;j denote its completion time. Since the �rst job ina job chain Ji has no predecessors, it is ready whenit is released, i.e., yi;1 = ri;1. For a later job Ji;j(j > 1), we have yi;j = maxfri;j; ci;j�1g. The re-sponse time of Ji;j is equal to its completion timeless its release time (i.e., the duration of the inter-val (ri;j; ci;j]), and its e�ective response time is equalto its completion time less its ready time (i.e., theduration of the interval (yi;j ; ci;j]).Because the execution times of jobs may vary andthe scheduling algorithm is priority driven, there maybe many di�erent schedules for a given set of jobs.According to some of these schedules, a job may
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0 50 100 150 200 250Fig. 2. Schedules of Jobs in Example 1have its worst-case (i.e., the latest) completion timewhile other jobs may not. In particular, when alljobs have their maximum execution times, we maynot observe the worst-case completion times of allthe jobs. For example, Figure 2 shows two sched-ules of the job chains in Example 1. In both cases,jobs are scheduled according to their priorities. Wehave the schedule in Figure 2(a) when all the jobshave their maximum execution times. According tothis schedule, job J2;1 completes at time 40. Howeverwhen the execution time of J1;1 is reduced from 40to 30, we obtain the schedule in Figure 2(b) wherethe completion time of J2;1 is 50. As it turns out,this is the worst-case completion time of J2;1. Thisexample shows that systems considered in this pa-per are not predictable in general [9]. To bound thecompletion times of jobs, we can exhaustively simu-late the execution of the system and search for theworst-case completion times of all jobs. The com-plexity of a brute-force search is O(EN ), where E isthe length of the range [e�i;j; e+i;j] for all i and j and Nis the total number of jobs in the system. Clearly theexhaustive approach is impractical for most real-lifesystems. We focus here on analytical methods whichgive us upper bounds on the completion times of jobsrather than �nding the exact worst case completiontime. III. Algorithm ERTAlgorithm ERT �rst bounds the e�ective responsetimes of jobs and then derives the bounds on com-pletion times from the e�ective response times. Tomotivate this algorithm, we focus on a job Ji;j in jobchain Ji. Obviously, a job other than Ji;j can executeduring the interval (yi;j ; ci;j] only if it is in a di�erentjob chain than Ji. Furthermore, it must have a pri-ority no lower than the priority �i;j of Ji;j or it mustbe in a critical section at yi;j.Figure 3 illustrates a job chain Jk (k 6= i). Theshaded boxes represent the jobs in Jk whose prior-ities are lower than �i;j, and white boxes represent
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interference block interference blockFig. 3. Interference Blocksjobs whose priorities are equal to or higher than �i;j.The lower priority jobs divide the chain Jk into sub-chains, each of which contains only jobs with prior-ities higher than or equal to �i;j. In this example,there are three such equal or higher priority sub-chains. We call such a subchain an interference blockof Ji;j. In general, an interference block of Ji;j isa subchain fJk;l; Jk;l+1; : : : ; Jk;l+ug of Jk, for somek 6= i that has the following properties. Priori-ties �k;l; �k;l+1; : : : ; �k;l+u are higher than or equalto �i;j; either Jk;l has no predecessor or �k;l�1 islower than �i;j; and either Jk;l+u has no successoror �k;l+u+1 is lower than �i;j. Except for a criticalsection of a lower priority job that has already begunat yi;j, only jobs from the interference blocks of Ji;jcan execute during the interval (yi;j ; ci;j]. Further-more, since the interference blocks are separated byone or more jobs whose priorities are lower than Ji;j,it is impossible for jobs in more than one interferenceblock of the same chain to execute in (yi;j ; ci;j]. Con-sequently, when we want to bound the interference ofother jobs on Ji;j (i.e., the amount of time Ji;j canbe delayed by other jobs of equal or higher priority),we only need to consider one interference block fromeach job chain other than Ji This allows us to moretightly bound the possible interference of jobs on Ji;jonce it becomes ready at yi;j .We focus now on �nding the maximal interferencesu�ered by Ji;j. Hereafter, we call the job whosecompletion time we are trying to bound the tar-get job. By an interference block, we mean specif-ically an interference block of the target job. Sup-pose that a job chain Jk has mk interference blocks,and Mk;l is equal to the sum of the maximum exe-cution time of jobs in the lth interference block inJk. As we have discussed in the previous paragraph,the maximum interference by equal or higher priorityjobs in Jk on the target job Ji;j is never more thanthe maximum of Mk;l for all l = 1; 2; : : : ;mk (i.e.,max1�l�mkfMk;lg). This is the basis of AlgorithmInterference. For a target job Ji;j, the algorithm com-putes an upper bound totalInter(Ji ;j ;J) of the to-tal maximum interference by equal or higher priorityjobs in all job chains other than Ji. In other words,totalInter(Ji ;j ;J) = Pk 6=i max1�l�mkfMk ;lg. The

Input:1. The target job Ji;j .2. A set J of jobs where each job Jk;l has the release timerk;l, the priority �k;l , and the range [e�k;l; e+k;l] ofexecution times.Output:1. totalInter(Ji;j ;J), the total maximum interference byjobs in job chains other than Ji.2. minInter(Ji;j ;J), the minimum among the maximuminterference by jobs in job chains other than Ji.Algorithm:1. totalInter = 0 , minInter =Pk 6=iPmkl=1 e+k ;l2. For every job chain Jk other than Ji,(a) �nd the interference blocks in Jk ;(b) if there are no interference blocks in Jk , Mk = 0;otherwise, for every l from 1 to mk, �nd Mk;l andMk = max1�l�mkfMk;lg;(c) totalInter = totalInter +Mk ;(d) minInter = min(minInter ; Mk).3. Return totalInter and minInter .Fig. 4. Algorithm Interferencealgorithm also calculates mink 6=imax1�l�mkfMk;lg;we denote this minimum of maximum interferencesby jobs in other jobs chains by minInter(Ji ;j ;J). Fig-ure 4 describes this algorithm.Because jobs contend for resources, we must alsoconsider lower priority jobs that can block the targetjob Ji;j. We let block (Ji ;j ;J) denote the duration ofthe longest critical section of all the jobs that arein job chains other than Ji and have lower prioritiesthan Ji;j.An upper bound of the total delay the target jobmay su�er (i.e., the total maximum execution timesof all the jobs in other job chains that may executein (yi;j; ci;j]) isdelay(Ji ;j ;J) = totalInter(Ji ;j ;J) + block(Ji ;j ;J)(1)However, we observe that it is not possible for thetarget job to be delayed by an interference blockof equal or higher priority jobs in a job chain Jkand at the same time be blocked by a lower pri-ority job in Jk. (The reason is obvious: if a jobin Jk blocks the target job, it will be preemptedby the target job when it exits the critical sectionand, therefore, a subsequent interference block in Jkcannot become ready for execution until the targetjob completes and the blocking job resumes.) Wecan safely improve the upper bound by subtractingminfblock (Ji ;j ;J);minInter(Ji ;j ;J)g from the sumtotalInter(Ji ;j ;J) + block (Ji ;j ;J). Therefore, an up-



5per bound on the duration of interval (yi;j; ci;j],which is the e�ective response time of Ji;j, satis�esthe inequality ci;j � yi;j � e+i;j + delay(Ji ;j ;J) wheredelay(Ji ;j ;J) = totalInter(Ji ;j ;J) + block (Ji ;j ;J) (2)�minfminInter(Ji ;j ;J); block(Ji ;j ;J)gA simple transformation givesci;j � yi;j + e+i;j + delay(Ji ;j ;J) (3)For the �rst job Ji;1 in the job chain Ji, ri;1 = yi;1.An upper bound ĉi;1 of ci;1 is given byĉi;1 = ri;1 + e+i;1 + delay(Ji ;1 ;J) (4)For a job Ji;j (j > 1) that is not the �rst job in thechain, its ready time yi;j is equal to maxfci;j�1; ri;jg.Therefore an upper bound ĉi;j of ci;j isĉi;j = maxfĉi;j�1; ri;jg+ e+i;j + delay(Ji ;j ;J) (5)By applying Eqs. (4) and (5) to jobs in their exe-cution precedence order, we can obtain an bound onthe completion time of every job.In summary, for each target job Ji;j, Algo-rithm ERT �rst calculates totalInter(Ji ;j ;J) andminInter(Ji ;j ;J) according to Algorithm Interferenceand �nds the blocking time block(Ji ;j ;J). It thencomputes delay(Ji ;j ;J) and ĉi;j according to Eqs.(3), (4) and (5). The complexity of Algorithm ERTis O(N2), where N is the total number of jobs in thesystem.As an example, we compute the delay for everyjob in Example 1. From the perspective of J1;1, jobsJ2;1 and J2;2 have equal or higher priorities and formone interference block. The maximumexecution timeof this block is the sum of the maximum executiontimes of J2;1 and J2;2, which is 50 time units. SinceJ2;3 contains a critical section and has a lower prioritythan J1;1, the possible blocking delay su�ered by J1;1is 60 time units. Thus delay(J1 ;1 ;J), the amount ofdelay su�ered by J1;1, is 50+ 60�minf50; 60g= 60.From the perspective of job J2;1, jobs J1;1 and J1;3have lower priorities, and jobs J1;2 and J1;4 havehigher priorities. Since J1;2 and J1;4 are separatedby J1;3, they form two di�erent interference blocks.The maximum execution times of these two inter-ference blocks are 10 time units and 50 time units,respectively. The delay due to the critical sectionin J1;3 is 10 units. Consequently delay(J2 ;1 ;J), theamount of delay su�ered by J2;1, is 50 time units. Ina similar manner, the delay su�ered by each of theother jobs in Example 1 is computed and listed inTable II. Based on these bounds on the maximal de-lays each job can su�er according to Algorithm ERT,

TABLE IIdelay(Ji;j ;J) for Jobs in Example 1J1;1 J1;2 J1;3 J1;4 J2;1 J2;2 J2;360 60 60 60 50 50 130we apply Eqns. (4) and (5) to obtain bounds on thecompletion times of all the jobs in Example 1.ĉ1;1 = r1;1+ e+1;1 + delay(J1 ;1 ;J) = 100ĉ1;2 = maxfĉ1;1; r1;2g+ e+1;2 + delay(J1 ;2 ;J) = 170ĉ1;3 = maxfĉ1;2; r1;3g+ e+1;3 + delay(J1 ;3 ;J) = 260ĉ1;4 = maxfĉ1;3; r1;4g+ e+1;4 + delay(J1 ;4 ;J) = 370ĉ2;1 = r2;1+ e+2;1 + delay(J2 ;1 ;J) = 90ĉ2;2 = maxfĉ2;1; r2;2g+ e+2;2 + delay(J2 ;2 ;J) = 180ĉ2;3 = maxfĉ2;2; r2;3g+ e+2;3 + delay(J2 ;3 ;J) = 380IV. Algorithm CJAAlgorithm ERT is simple to understand, easy toimplement, and has relatively low complexity. How-ever, it often does not give satisfactory bounds. Toillustrate, we examine job J2;2 in Example 1. Thebound on its completion time is 180 time units. Halfof the bound is contributed by the completion of itsimmediate predecessor J2;1 at time 90, while 50 unitsof possible delay are contributed by job J1;4. Weobserve that its predecessor J2;1 completes at time90 only if J2;1 has been delayed by J1;4 for 50 timeunits. Yet the same 50 time units of delay from J1;4is counted again in computing ĉ2;2. Similarly, thedelay from J2;3 is counted twice in the upper boundof the completion time ĉ1;3 of J1;3. Algorithm CJAovercomes this problem by considering the subchainthat contains the target job as a whole rather thandealing with the target job in isolation.To motivate Algorithm CJA, suppose that a jobchain Ji has �ve jobs and we want to bound the com-pletion time of the target job Ji;5. Figure 5 showsa possible worst-case schedule for Ji;5, i.e., a sched-ule in which Ji;5 has its maximum completion time.Since all the release times are known, the completiontime ci;5 is equal to ri;k plus the duration of the in-terval (ri;k; ci;5] for k = 1; 2; : : : ; 5. If we can �nd atighter bound on the duration of these intervals, wecan �nd a tighter bound on the completion time ofJi;5. We examine the critical job Ji;c(j) of each tar-get job Ji;j for this purpose. In a schedule, Ji;c(j)is the last job in Ji before and including Ji;j whoseready time is equal to its release time. We call theinterval (ri;c(j); ci;j] the critical interval. For exam-ple, in Figure 5, Ji;3 is the critical job of Ji;5, and
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i,1 i,2 i,3 i,4 i,5Fig. 5. Critical Job in a Scheduleinterval (ri;3; ci;5] is the critical interval. The follow-ing two lemmas state facts that help us to bound theduration of the critical interval (ri;c(j); ci;j].Lemma 2: At most one job blocks a job in the crit-ical interval (ri;c(j); ci;j].Proof: Clearly a job with a priority lower thanJi;c(j) that is in a critical section at ri;c(j) can blockJi;c(j) and execute in the critical interval. That thesubsequent jobs Ji;c(j)+1; : : : ; Ji;j are never blocked(and hence no other lower priority jobs can executein (ri;c(j); ci;j]) follows from the fact that each of thesejobs are ready immediately after its immediate pre-decessor completes.Lemma 3: Any job that is in a job chain other thanJi and executes in the critical interval (ri;c(j); ci;j]must either have a priority higher than or equalto the priority of Ji;low, where job Ji;low (c(j) �low � j) is the lowest priority job among jobs Ji;c(j),Ji;c(j)+1; : : : ; Ji;j, or is a lower priority job that canblock Ji;c(j).Proof: A job Jk;l that is in another job chainJk, k 6= i, and has a priority lower than Ji;low cannotpreempt any of the jobs Ji;c(j); Ji;c(j)+1; : : : ; Ji;j. Ac-cording to Lemma 2, only Ji;c(j) can be blocked andit can be blocked by at most one job.According to Lemmas 2 and 3, the jobs of equalor higher priority that are in job chains other thanJi and can execute in the critical interval (ri;c(j); ci;j]are the same set of equal or higher priority jobs thatare in job chains other than Ji and can execute in theinterval (yi;low ; ci;low]. Consequently, their total exe-cution time can be bounded by totalInter(Ji ;low;J).The duration of the critical interval is never largerthan this amount plus the maximumexecution timesof Ji;c(j); Ji;c(j)+1; : : : ; Ji;j and block (Ji ;c(j );J), thelongest critical section of jobs that have lower pri-orities than Ji;c(j) and are in job chains other thanJi. In other words,ci;j � ri;c(j) + jXl=c(j) e+i;l (6)+ totalInter(Ji ;low;J) + block (Ji ;c(j );J)Because it is possible for a job Jk;l, k 6= i, to blockJi;c(j) and a subsequent interference block in Jk topreempt one of the jobs among Ji;c(j)+1; : : : ; Ji;j,

Input:A set J of jobs where each job Ji;j has a release timeri;j , a priority �i;j , a range [e�i;j ; e+i;j ] of execution time,and a maximum duration Di;j of critical sections in thejob.Output: The bound ĉi;j on the completion time of each jobJi;j .Algorithm:For each job Ji;j ,1. for each possible critical job Ji;k (1 � k � j),(a) �nd the job Ji;low such that Ji;low has thelowest priority among jobJi;k ; Ji;k+1 ; : : : ; Ji;j ;(b) computebi;k = ri;k + jXl=k e+i;l + block (Ji;k ;J)+ totalInter(Ji;low ;J):2. Let ĉi;j = max1�k�jfbi;kg.Fig. 6. Algorithm CJAwe cannot tighten the bound as we did in Al-gorithm ERT by subtracting the minimum ofminInter(Ji ;low ;J) and block(Ji ;c(j );J).In the above critical job analysis, we assume thatwe know the critical job Ji;c(j) of each target job Ji;jin the worst-case schedule. This assumption is nottrue in general. To get around this problem, Algo-rithm CJA computes a bound on the completion timeof Ji;j by assuming that each of its predecessors, in-cluding Ji;j itself, is the critical job. Since in theworst-case schedule there must exist a critical job,one of the bounds thus computed must be a correctone, and the maximum of these bounds must be acorrect bound as well. The pseudo code of AlgorithmCJA is listed in Figure 6. Its complexity is O(N3).We again use ĉi;j to denote the upper bound on thecompletion time of Ji;j.For example, we apply Algorithm CJA to boundthe completion time of J1;3 in Example 1 and obtainthe following results. In the description, we treateach predecessor Ji;k of the target job and the targetjob as the critical job in turn and compute the upperbound bi;k of the completion time of the target jobaccording to Step 1(b) of Figure 6.1. Let J1;1 be the critical job. Job J1;1 has thelowest priority among J1;1, J1;2 and J1;3, so b1;1is equal to 190.2. Let J1;2 be the critical job. Job J1;3 has thelowest priority among J1;2 and J1;3, so b1;2 is



7TABLE IIIBounds Computed by Algorithm ERT and CJAJ1;1 J1;2 J1;3 J1;4 J2;1 J2;2 J2;3ERT 100 170 260 370 90 180 380CJA 150 160 215 265 100 160 320equal to 170.3. Let J1;3 be the critical job. Job J1;3 is also thelowest priority job, so b1;3 is equal to 215.4. The bound ĉ1;3 is equal to maxfb1;1; b1;2; b1;3g =215.We note that when computing the bounds b1;1, b1;2and b1;3, and hence the �nal bound, the delay fromevery job in J2 is counted only once. As a result,the bound obtained by Algorithm CJA for J1;3 istighter than that obtained by Algorithm ERT. Forthe same reason, the bounds obtained by AlgorithmCJA for J1;2, J1;4, J2;2, and J2;3 are tighter thanthose computed by Algorithm ERT. Table III liststhe bounds on the completion times computed by Al-gorithm CJA for all the jobs in Example 1. For thesake of comparison, the bounds computed by Algo-rithm ERT are also listed in the table.When no job has a critical section every boundobtained by Algorithm CJA is tighter than the cor-responding bound obtained by Algorithm ERT. Tocompare the bounds we let ĉi;j denote the bound onthe completion time of Ji;j computed by AlgorithmERT. From Eqs. (1), (4), and (5), we can write ĉi;jas ĉi;j � ĉi;j�1 + e+i;j + totalInter(Ji ;j ;J) (7)and ĉi;j � ri;j + e+i;j + totalInter(Ji ;j ;J) (8)for the special case where the delay due to blockingis zero for every job. Given any k (1 � k � j), we ex-pand ĉi;j recursively using the above two inequalitiesto obtainĉi;j � ri;k + jXl=k e+i;l + jXl=k totalInter(Ji ;l ;J) (9)On the other hand, Step 1(b) of Algorithm CJA inFigure 6 states thatbi;k = ri;k + jXl=k e+i;l + totalInter(Ji ;low;J) (10)where 1 � k � j and k � low � j. Comparing Eqs.(9) and (10) we can see that in this special case the

bound computed by Algorithm ERT is greater thanor equal to every bi;k computed by Algorithm CJAand hence is greater than or equal to the maximumof bi;k's, which is the �nal bound computed by Algo-rithm CJA.Table III shows that in general the bounds com-puted by Algorithm CJA are not always tighter thanthose computed by Algorithm ERT. In this exam-ple, the length of the critical sections are relativelylarge compared with the execution time of the jobs.(We choose these numbers to illustrate the e�ect ofblocking.) The critical sections of actual systems arelikely to be relatively short. Since Algorithm CJAconsiders subchains of the target job, it is expectedto perform better than Algorithm ERT on average.The simulation results in Section VI support this con-clusion. V. Algorithm ITRAn obvious drawback of the previous algorithms isthat the release times of jobs are not taken into ac-count. For example, when the maximum delay suf-fered by J1;1 in Example 1 is computed, the criti-cal section of J2;3 is counted in the delay. However,we notice that J2;3 will not be released until time120, by which time J1;1 should have completed evenwhen J1;1 has its maximum execution time and ispreempted by J2;1 and J2;2. Hence one improvementis to remove from consideration the jobs (such as J2;3in this example) that cannot possibly delay with theexecution of the target job. In other words, in Step1(b) of Algorithm CJA, if we can prune some jobsfrom the job set J that cannot possibly execute inthe critical interval, we can obtain a tighter bound onthe maximumpossible delay the job Ji;j might su�er.Clearly, for each target job the pruning process mustbe done for every assumed critical job because di�er-ent jobs may be pruned for di�erent combinations.The next question is how to obtain the informa-tion we need to prune jobs properly. One approachis called pessimistic iteration. First we use Algo-rithm CJA to obtain an initial bound on the com-pletion time of every job. We then iteratively applythe modi�ed Algorithm CJA to obtain a new boundon the completion time of each job. When bound-ing the duration of the critical interval for each pairof target job Ji;j and assumed critical job Ji;c(j), themodi�ed AlgorithmCJA excludes from considerationany job Jk;l whose interval (rk;l; ĉk;l] does not over-lap with the interval (ri;c(j); ĉi;j], where ĉk;l and ĉi;jare the bounds on the completion times of Jk;l andJi;j, respectively, obtained in the initial step or theprevious iteration step. This pruning process is safebecause ĉi;j's computed in the initial step and each of



8the previous iteration step are correct upper boundson the completion times of jobs and, hence, all thepruned jobs cannot execute in the critical interval(ri;c(j); ci;j]. The iteration will terminate when all thenew bounds obtained in the current step are equalto the corresponding bounds obtained in the pre-vious step. Obviously, during each iteration beforetermination, at least one bound on the completiontime of a job is strictly smaller than its correspond-ing previous one. Since bounds cannot be arbitrarilysmall, the iteration will terminate in a �nite numberof steps.Although the pessimistic iteration approach im-proves the bounds in general, it does not provide atight bound in our example. We notice that job J1;1in Example 1 is both the target job and the criti-cal job. The initial bound on the completion time ofJ1;1 is 150. Based on this bound, interval (r1;1; ĉ1;1]overlaps with critical interval (r2;2; ĉ2;2] of job J2;2.Consequently J2;2 and J2;3 will not be pruned by thepessimistic iteration approach.A more aggressive approach is called optimistic it-eration. Contrary to pessimistic iteration, optimisticiteration starts with an optimistic bounds on thecompletion times of jobs, obtained by computing thecompletion time as if the chain containing the targetjob is executed in isolation. During each subsequentiteration, we use the modi�ed CJA algorithm to ob-tain a new bound on the completion time of each jobJi;j based on bounds obtained in either the previousiteration step or the initial step. Like pessimistic iter-ation, for each pair of critical job Ji;c(j) and target jobJi;j, we prune any job Jk;l whose interval (rk;l; ĉk;l]does not overlap with the interval (ri;c(j); ĉi;j]. Theiteration will terminate when all the new bounds areequal to the corresponding bounds obtained in theprevious step.Figure 7 lists the pseudo code of Algorithm ITR,which uses the optimistic iteration approach. It is es-sentially a loop which is preceded by an initial step.Inside the loop, Algorithm CJA is applied but ispreceded by two extra steps. Step 2(biA) and Step2(biB) are inserted to prune the jobs Ju;v whose in-tervals (ru;v; ĉu;v] do not overlap with the interval(ri;c(j); ĉi;j]. Because of the extra pruning steps, thebounds obtained at the end of the loop body are al-ways no larger than the corresponding bounds ob-tained by Algorithm CJA without any pruning. Soare the �nal bounds when the iteration terminates.The correctness of Algorithm ITR is stated for-mally by the following two theorems. Their proofsare in the appendix.Theorem 1: Algorithm ITR terminates after a �-

Input:A set J of jobs where each job Ji;j has a release timeri;j , a priority �i;j , a range [e�i;j ; e+i;j ] of executiontimes, and a maximum duration Di;j of critical sectionsin the job.Output: A bound ĉi;j on the completion time of each jobJi;j .Algorithm:1. For each job Ji;j ,(a) if j = 1, ĉi;j = ri;j + e+i;j ;(b) otherwise, ĉi;j = maxfĉi;j�1; ri;jg+ e+i;j ;(c) ĉ0i;j , the bound on the completion time of Ji;jcomputed in the previous iteration, is 0.2. Repeat until (ĉi;j = ĉ0i;j) for every job Ji;j ,(a) for each job Ji;j , ĉ0i;j = ĉi;j ;(b) for each target job Ji;j ,i. for each possible critical job Ji;k (1 � k � j),A. J0 = J;B. purge from J0 any job Ju;v (u 6= i) forwhich the interval (ru;v ; ĉ0u;v] does notoverlap with the interval (ri;k ; ĉ0i;j ];C. �nd the job Ji;low such that Ji;low hasthe lowest priority among job Ji;k ,Ji;k+1 , . . . , Ji;j ;D. compute the bound bi;k bybi;k = ri;k + jXl=k e+i;l + block (Ji;k ;J0)+ totalInter(Ji;low ;J0):ii. let ĉi;j = max1�k�jfbi;kg.Fig. 7. Algorithm ITRnite number of iterations.Theorem 2: The bounds obtained in the last iter-ation of Algorithm ITR are correct upper bounds onthe completion times of jobs.From the proof of Theorem 1, we see that there canbe no more than O(N3) number of iteration steps.Since each iteration has the same complexity as Al-gorithm CJA, which is O(N3), the complexity of Al-gorithm ITR is thus O(N6).As an example, we apply Algorithm ITR to boundthe completion time of J1;1 in Example 1. The initialoptimistic bound is 40, which is equal to the releasetime of J1;1 plus its maximum execution time. Dur-ing the �rst iteration, the interval (r2;1; ĉ2;1] overlapswith (r1;1; ĉ1;1], and therefore J2;1 is retained in J0 atStep 2(biB). The intervals (r2;2; ĉ2;2] and (r2;3; ĉ2;3],however, do not overlap with the interval (r1;1; ĉ1;1].



9TABLE IVBounds Computed by the Three Algorithms and theActual Worst-Case Completion TimesJ1;1 J1;2 J1;3 J1;4 J2;1 J2;2 J2;3ERT 100 170 260 370 90 180 380CJA 150 160 215 265 100 160 320ITR 50 60 205 255 50 110 290Worst 50 60 130 240 50 110 250Therefore J2;2 and J2;3 are pruned at Step 2(biB).The new bound on the completion time of J1;1 be-comes 50. During the second and later iterations,the intervals (r2;2; ĉ2;2] and (r2;3; ĉ2;3] still do not notoverlap with the interval (r1;1; ĉ1;1], and jobs J2;2 andJ2;3 are always pruned. Consequently the bound onthe completion time of J1;1 remains 50.The �nal bounds on the completion times of alljobs in Example 1 obtained by (optimistic) AlgorithmITR are listed in Table IV. We also list the boundsobtained by Algorithm ERT and Algorithm CJA, aswell as the actual worst case completion times of thejobs. We note that although Algorithm ITR givesfairly tight bounds compared with the other two al-gorithms, it may still fail to �nd the actual worst-case completion times. Take job J1;3 for example.Although Algorithm ITR has correctly determinedthat the completion of J1;3 is delayed only by J2;2, itfails to see that the maximum delay caused by J2;2is less than the maximum execution time of J2;2 be-cause J2;2 is released 15 time units earlier than J1;3.It also fails to see that in the worst-case J1;3 will beready by time 100 and that the critical section of J2;3will never be able to block it.VI. Performance of the AlgorithmsFrom the previous discussion, we know thatbounds yielded by Algorithm ITR are tighter thanthose yielded by Algorithm CJA, which in turn maybe tighter than those yielded by Algorithm ERT, butwe do not know by how much. To quantify theirrelative merits and to determine how their relativeperformance depends on the characteristics of jobs,we perform a series of simulation experiments. Thissection discusses the criterion used to evaluate theirperformance, the method used to generate the work-load, and �nally the simulation results.A. Performance CriterionThe performance criterion we use to compare twoalgorithms, say A and B, is the bound ratio or the av-erage bound ratio of A over B. The ratios are de�nedas follows. For a given system of jobs, the bound ra-tio of (algorithm) A over (algorithm) B for a job is

the ratio of the upper bound on the response time ofthe job obtained by A over the corresponding boundobtained by B. The bound ratio of the system is theaverage of the bound ratios of all the jobs in the sys-tem. In our experiment, we generate many syntheticsystems and compute the bound ratio for each sys-tem. The average bound ratio is the average of thebound ratios of all the systems with the same char-acteristics examined in the experiment. Obviouslythe smaller the average bound ratio of A over B, thebetter algorithm A is compared with algorithm B,provided that the ratio is less than 1.B. The generation of workloadThrough preliminary experiment, we found thatperformance of the algorithms depends almost en-tirely on three factors. They are the number of jobchains in the system, the number of jobs in each jobchain and the density of the schedule, or the scheduledensity. Intuitively, the density of a schedule indi-cates how \sparse" the schedule is. It can be quan-ti�ed by the density factor, which is the total maxi-mum execution time of all jobs divided by the rangeof release times of jobs. For example, if the releasetimes of jobs are distributed in the range of [1; 1000]and the total maximum execution time of all jobsis equal to 1500, then the schedule density factor isequal to 1.5. The smaller the schedule density factor,the \sparser" the schedule.A con�guration is a unique combination of valuesof the above three factors. We say that synthetic sys-tems have the same con�guration when they have thesame number of job chains, number of jobs per jobchain, and schedule density. In our simulation exper-iment, we examined con�gurations with the numberof job chains being 5, 10, or 15, the number of jobsper job chain being 1, 2, 5, or 10, and the scheduledensity being 0.5, 1, or 2. We thus have 36 con�g-urations. For each con�guration, we generated 1000systems to yield negligibly small con�dence intervalsfor all the average values presented below.Each system of a con�guration with x job chains,y jobs per chain and schedule density z, is generatedas follows. For each of the x job chains and each ofthe y jobs in the chain, we choose the release timeof the job from a uniform distribution in the range[1,1000000]. We then sort the jobs in each job chainin increasing order by their release times and add aprecedence constraint to each pair of adjacent jobs inthe job chain.To choose the execution times of the jobs, we�rst compute the total maximum execution time ofall jobs by multiplying the schedule density z bythe range of job release times, 1000000. We then



10randomly divide the total maximum execution timeamong the xy jobs. This is done by �rst generatingan execution factor for each job, which is uniformlydistributed in range [0:01; 1]. We obtain the normal-ized execution factor for each job by dividing its ex-ecution factor by the sum of execution factors of alljobs. The maximum execution time of each job isthen equal to its normalized execution factor timesthe total maximum execution time. We let the min-imum execution time of every job to be 0. Finally,the priority of every job is randomly distributed inrange [1; 10000].The maximumduration of a critical section of a jobJi;j is obtained by multiplying the maximum execu-tion time e+i;j by a blocking factor, which is uniformlydistributed in the range [0; d]. Because preliminaryexperiments showed that the bound ratios are notsensitive to the value of d, its value was �xed at 1.Thus the blocking factor of each job is uniformly dis-tributed in the range [0; 1], and the maximum dura-tion of a critical section ranges from 0 to the maxi-mum execution time.C. Comparison of Algorithm ERT and AlgorithmCJAIn this subsection, by \bound ratio" we mean theaverage bound ratio of Algorithm CJA over Algo-rithm ERT. The simulation results show that boundratios are not sensitive to the number of job chainsin the system and the critical section density. Forthis reason, we present in Figure 8 the bound ratioas a function of the number of jobs in each chain andthe schedule density. Each value in the �gure is theaverage value of the bound ratios of all systems ofa con�guration. The overall average bound ratio forall con�gurations is 0.77 which indicates that on theaverage the bounds on the job response times com-puted by Algorithm CJA are 23% shorter than thebounds computed by Algorithm ERT.In the �gure, we notice that the average boundratio decreases as the number of jobs in each jobchain increases. A closer examination reveals thatthis is because the bound ratio for an individual jobis strongly correlated with the position of the job inthe job chain. Figure 9 depicts the average boundratio of jobs as a function of their position in thejob chains. The value on the horizontal-axis is theposition of jobs in their corresponding job chains,and the corresponding value on the vertical-axis isthe average bound ratio for all jobs in that posi-tion. We notice that for the �rst job on every jobchain, Algorithm CJA and Algorithm ERT yield thesame bound on the average. If Algorithm ERT usedEq.( 1), both algorithms would in fact do the same

(1, 2, 1)

(10, 2, 0.45)

1 2 3 4 5 6 7 8 9 10 0.5

1.0

1.5

2.0

0.0
0.2
0.4
0.6
0.8
1.0

Number of Jobs in Each Chain

Schedule Density

Bound Ratio

(10, 0.5, 0.52)Fig. 8. Bound Ratio of Algorithm CJA over Algorithm ERT
0.0

0.2

0.4

0.6

0.8

1.0

1.2

0 2 4 6 8 10

B
ou

nd
 R

at
io

Position in the Job ChainFig. 9. Bound Ratio as Function of the Position of Jobscomputation for these jobs. However, the fact is thatAlgorithm ERT uses Eq.( 3), which can produce atighter bound. This result indicates that instanceswhere the bound produced by Algorithm ERT istighter than the corresponding bound produced byAlgorithm CJA are rare. The average bound ratiodecreases as the number of predecessors of the targetjob increases, largely due to the fact that AlgorithmERT sometimes counts the interference and blockingof jobs multiple times. The later a job is in a jobchain, the more likely Algorithm ERT is to do so. Asa result, a system with longer job chains has a smalleraverage bound ratio. Figure 8 shows that the boundratio also decreases a little as the schedule densityincreases, for a similar reason.D. Comparison of Algorithm CJA and AlgorithmITRIn this subsection we focus on Algorithms CJAand ITR, and by \bound ratio" we mean the averagebound ratio of Algorithm ITR over Algorithm CJA.The overall average bound ratio is 0.51 for all con�g-
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Number of Job ChainsFig. 10. Bound Ratio as a Function of the Number of JobChains in the Systemurations, which indicates that on average the boundson job response times computed by Algorithm ITRare about half the bounds computed by AlgorithmCJA.Figure 10 depicts the average bound ratio as afunction of number of job chains in the system andshows that the bound ratio of Algorithm ITR overAlgorithm CJA varies slightly but noticeably withthe number of job chains in the system. When thenumber of job chains increases while the other twoparameters remain constant, the delay due to inter-ference and blocking from jobs in di�erent chains in-creases. Due to the pruning step, Algorithm ITR canbetter accommodate the e�ect of the increase thanAlgorithm CJA. As a result, Algorithm ITR obtainstighter bounds as the number of job chains in a sys-tem increases.Figure 11 shows the average bound ratio as a func-tion of number of jobs in each job chain and theschedule density. The bound ratios are much smallerwhen the schedule densities are smaller, indicatingthat Algorithm ITR is much more e�ective for sparseschedules. When the schedule is sparse, many jobsexecute in isolation and do not delay each other. Thepruning step in Algorithm ITR can correctly detectthis and obtain tighter bounds, while AlgorithmCJAdoes not have this capability.E. Summary of the Simulation ResultsFigure 12 shows the bound ratio of Algorithm ITRover Algorithm ERT as a function of the number ofjobs in each job chain and the schedule density. Aswe expect, the bounds yielded by Algorithm ITR aremuch tighter than those by Algorithm ERT. In sum-mary, we see a great reduction in the upper boundson job response times by Algorithm ITR over Algo-

(1, 2, 0.83)

(10, 2, 0.84)

1 2 3 4 5 6 7 8 9 10 0.5

1.0

1.5

2.0

0.0
0.2
0.4
0.6
0.8
1.0

Number of Jobs in Each Chain

Schedule Density

Bound Ratio

(10, 0.5, 0.09)Fig. 11. Bound Ratio of Algorithm ITR over Algorithm CJA
(1, 2, 0.83)

(10, 2, 0.35)

1 2 3 4 5 6 7 8 9 10 0.5

1.0

1.5

2.0

0.0
0.2
0.4
0.6
0.8
1.0

Number of Jobs in Each Chain

Schedule Density

Bound Ratio

(10, 0.5, 0.05)Fig. 12. Bound Ratio of Algorithm ITR over Algorithm ERTrithms CJA and ERT. Furthermore, Algorithm ITRis more e�ective when the schedule is sparse and thenumber of jobs in the system is large. When theschedule is \dense", the performance of AlgorithmCJA is close to that of Algorithm ITR.VII. Extensions and Future WorkOne obvious extension is to combine AlgorithmERT and Algorithm CJA, selecting the smaller ofthe two bounds for each job. A combined algorithmwould yield better bounds than Algorithm CJA inExample 1 yet have the same complexity as Algo-rithm CJA (i.e., O(N3)). However, the results pre-sented in Section VI suggest that little improvementcan be expected on the average.Thus far we have assumed that the release times ofall the jobs are �xed. In real systems, the release timeof each job is often known to lie within a range, whilethe actual release time is not known. The three algo-rithms presented above can be modi�ed to deal withjittered release times, i.e., the actual release time ofeach job is in a range of [r�i;j; r+i;j]. In the case ofAlgorithm ERT, we simply replace all ri;j's with cor-responding r+i;j's. The bounds computed by the mod-i�ed Algorithm ERT are correct.In the case of Algorithm CJA, we �rst need to re-



12de�ne the critical job of the target job as follows: Fora target job Ji;j, the critical job Ji;c(j) is the last jobin Ji before and including Ji;j whose ready time isin its release time range [r�i;c(j); r+i;c(j)]. By the newde�nition, the critical job analysis remains correct inbounding the duration of interval (r+i;c(j); ci;j]. Conse-quently, the pseudo code of Algorithm CJA remainscorrect if we replace ri;k with r+i;k at Step 1(b) inFigure 6.To see how to take into account release time jitterin the case of Algorithm ITR, we note that in the ini-tial steps, Step 1(a) and 1(b) in Figure 7, we shouldreplace the release time ri;j with the latest possiblerelease time r+i;j. As a consequence, the initial boundsare conservative. In Step 2(biB), we need to prunenon-interfering jobs from J0. Due to jittered release,the interval of a job Ju;v becomes (r�u;v; ĉ0u;v]. Simi-larly, the critical interval between the assumed criti-cal job Ji;k and the target job Ji;j becomes (r�i;k; ĉ0i;j].We can thus test if a job Ju;v delays the target jobbased on whether these two intervals overlap. Lastly,when we compute each individual bi;k for each as-sumed critical job Ji;k at Step 2(biD), we simply re-place ri;k with r+i;k for a correct �nal bound.A problem related to this work is to �nd the exactworst-case completion time. Speci�cally, the prun-ing technique used in Algorithm ITR can e�ectivelyreduce a large number of combinations when exhaus-tive searching is used to �nd the worst-case comple-tion time.In the algorithms above, we have assumed that ac-cess to resources was controlled by the NPS proto-col. This protocol has the virtue of being simple toimplement. However, all higher priority jobs maybe blocked even if they do not contend for any re-source. The Priority-Ceiling Protocol (PCP) [10] andthe Stack-Based Protocol (SBP) [11] do not su�erfrom this shortcoming. To take advantage of thisdesirable property, we are re�ning Algorithms ERT,CJA and ITR to use either PCP or SBP. The resultsof this work are reported in [12] which also describesmodi�cations to these algorithms to achieve tighterbounds. VIII. ConclusionsWe have described three algorithms that boundthe completion times of jobs in independent chainswhen the jobs have variable execution times, arbi-trary release times, �xed priorities, and when accessto shared resources must be controlled. The algo-rithms have di�erent complexities and yield di�er-ent performance. Our simulation results show thatAlgorithm ITR consistently produces tighter bounds

than the other two algorithms. The example pre-sented here suggests that the bounds obtained by Al-gorithm ITR are close to the actual worst-case com-pletion times. The complexity of Algorithm ITR isO(N6), where N is the total number of jobs in a sys-tem. This complexity is not a problem for o�-lineanalysis. When this complexity is too high, e.g., forthe purpose of on-line admission control, AlgorithmCJA is a good alternative choice, especially when theschedule is expected to be \dense".AcknowledgmentsThis work was supported in part by NSF Grant No.NSF CCR 92-24269 and by NASA Contract NAG 1-613. Appendix AProof of Theorem 1The bound of the completion time of each job ob-tained in the �rst iteration is no smaller than the cor-responding bound obtained in the initial step, due tothe optimistic estimation used in the initial step. Asa consequence, for each pair of target job and crit-ical job considered at Step 2(bi), fewer or the samenumber of jobs are pruned at Step 2(biB) in the sec-ond iteration step, making the value of bi;k greaterthan or equal the corresponding one obtained in the�rst iteration step. Hence every bound obtained inthe second iteration step is no smaller than the cor-responding bound obtained in the �rst iteration step.In general, the bounds obtained in each iteration stepare monotonically non-decreasing.The iteration continues if and only if for at leastone job the new bound is greater than the corre-sponding bound obtained in the previous step. Fora new bound of a job to be greater than its previ-ous bound, fewer jobs must have been pruned fromset J0 at Step 2(biB) in the current iteration stepthan in the previous step. Overall, in each iterationstep, the total number of jobs pruned at Step 2(biB)must decrease at least by one. Since the total num-ber of jobs that can be pruned at Step 2(biB) cannotexceed N2(N � 1) in the �rst iteration step, the iter-ative procedure will terminate in a �nite number ofiterations. Appendix BProof of Theorem 2We prove this theorem by an induction over thejobs in the increasing order of their release times. Byconvention, let ĉi;j denote the bound on the comple-tion time of Ji;j obtained by Algorithm ITR, i.e., thebound obtained by the last two iteration steps, and



13let ci;j denote the actual completion time of Ji;j inthe schedule.Induction basis: Because the release times of alljobs are consistent with their precedence constraints,the job with the earliest release time among all jobsmust be Ji;1 for some i. Suppose that the actual com-pletion time ci;1 of Ji;1 is greater than the bound ĉi;1.Let � denote the total amount of execution timesof all jobs, excluding Ji;1, that execute in interval(ri;1; ĉi;1]. We must have � + ei;1 > ĉi;1 � ri;1 (Oth-erwise job Ji;1 would have completed by time ĉi;1).Hence � + e+i;1 > ĉi;1 � ri;1.Now let us focus on Steps 2(bi) during the last(outer-most) iteration step in Algorithm ITR, specif-ically when Ji;1 is the target job and the criticaljob. In the last iteration step, for every job Jx;y,the bound ĉx;y obtained is the same as the boundobtained in the second last iteration step, which iscopied to ĉ0x;y. Consequently the jobs pruned at Step2(biB) are those whose release times are later thanĉi;1. Job set J0 obtained at this step thus gives allthe jobs that can execute in interval (ri;1; ĉi;1].Obviously, every job that executes in interval(ri;1; ĉi;1] must have priority higher than or equal toJi;1 or must block Ji;1. Thus totalInter(Ji ;1 ;J0) +block(Ji ;1 ;J0) gives an upper bound on �. By Step2(biD) and 2(bii), we have� + e+i;1 � totalInter(Ji ;1 ;J0) + block (Ji ;1 ;J0)+ e+i;1 = bi;1 � ri;1 = ĉi;1 � ri;1This is a contradiction to the conclusion stated above.Therefore the hypothesis must be wrong, and for jobJi;1 Algorithm ITR yields a correct upper bound onits completion time.Induction: Now we let Ji;j be the job whose re-lease time is later than the release times of k otherjobs. As an induction hypothesis, we assume thatthe completion time of every job released before Ji;jis no larger than the upper bound on its completiontime obtained by Algorithm ITR. We will now provethat ci;j is no larger than ĉi;j either.We, again, prove this by contradiction. Supposethat ci;j is larger than ĉi;j. Let Ji;c (1 � c � j)be the critical job for Ji;j in this schedule, and �be the total amount of execution times of all jobsfrom chains other than Ji that execute in interval(ri;c; ĉi;j]. Since job Ji;j is not completed by ĉi;j, wemust have� + jXl=c e+i;l � � + jXl=c ei;l > ĉi;j � ri;cNow let us focus on Steps 2(bi) during the last(outer-most) iteration step in Algorithm ITR, specif-
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