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Abstract

In a multiprocessor real-time system, a task may
erecute in turn on several processors before it com-
pletes. The task may have different priorities on dif-
ferent processors and execute on some processors more
than once. FExisting techniques for bounding the re-
sponse times of such tasks are not effective. In this
paper, we present a method to compute tighter upper
bounds on their response times.

1 Introduction

In a real-time system, every time-critical task must
have a bounded response time. The schedulability of
the task can then be verified by comparing a known
upper bound of its response time with its relative
deadline. If it i1s less than the relative deadline, the
task 1s schedulable; otherwise it may not. In a mul-
tiprocessor real-time system, a task may execute se-
quentially on several processors before it completes.
Such a task is called an end-to-end task. An end-to-
end task is recurrent if it executes on some processors
more than once. For example, in a data acquisition
system, the field processor executes to collect data;
the communication link (also modeled as a processor)
transmits the data to the control processor; the con-
trol processor processes the data. In response to the
data the control processor sends a command back to
the field processor, which formats the command and
forwards it to an actuator attached to it. We model
the entire computation/communication process from
when the data is sampled till the command is sent to
an actuator as an end-to-end task. This task is re-
current because the task executes twice on the field
processor and the communication links.

An end-to-end task can be viewed logically as a

chain of subtasks; each subtask is a continuous exe-
cution thread of the task on a processor. A recurrent
end-to-end task may have more than one subtask exe-
cuting on a processor. We refer to an end-to-end task
as the parent task of its subtasks and a subtask as a
sibling subtask of other subtasks with the same parent
task. An end-to-end task is periodic if its execution
pattern repeats periodically. In this paper, we focus
on periodic end-to-end tasks. Unless stated otherwise,
by a task we mean a periodic end-to-end task.

The precedence constraints of subtasks can be en-
forced by controlling the release times of the sub-
tasks. In a dynamic system, each subtask is dynami-
cally released immediately after its immediate prede-
cessor completes. In a static system, every subtask is
released periodically according to its own period and
phase. Some method, such as the phase modification
technique [1], is used to adjust the phases of subtasks
such that when a subtask is released its immediate
predecessor is surely completed. In this case, we say
that the subtasks are statically released.

To the best of our knowledge, existing schedulabil-
ity analysis techniques can give us only loose upper
bounds of the response times of recurrent end-to-end
tasks. Rajkumar et al. extended the Priority Ceil-
ing Protocol to multiprocessor systems [2]. In their
model, each task has a host processor on which most
of the computation of that task takes place, and the
task has a fixed priority on its host processor. The de-
lay of the execution incurred when the task executes
on processors other than its host processor is counted
as the blocking time. Consequently existing methods
[3, 4] to determine the worst-case response times of
periodic tasks on a single processor can be applied.
This approach is applicable to some dynamic systems.
However it does not give satisfactory upper bounds on
response times of end-to-end tasks in general.

In a static system, it is possible to treat all sub-



tasks as independent periodic tasks. Existing meth-
ods [3, 4] to determine upper bounds of the response
times of periodic tasks on a single processor can be
applied to determine upper bounds of the response
times of individual subtasks. The sum of these upper
bounds gives an upper bound to the response time of
their parent task [5]. However, by treating subtasks
on each processor as independent periodic tasks, the
precedence relation among subtasks is not exploited,
and the bounds of the response times based on this
assumption can be very pessimistic, especially for re-
current tasks.

This paper presents a method for computing tighter
upper bounds on the response times of end-to-end
tasks in static systems. Section 2 formally defines
the problem solved by the method. Section 3 gives
a basic algorithm to compute an upper bound of the
response time of a recurrent task. Section 4 presents
several improvements over the basic algorithm. Sec-
tion b concludes our paper.

2 Problem Formulation

In our model, the workload on a multiprocessor sys-
tem consists of a set {T;} of end-to-end tasks, each of
which is a periodic task with period p;, phase f;, exe-
cution time 73, and relative deadline D;. In this paper,
we assume that the relative deadline of a task is less
than or equal to its period, i.e., D; < p;.

A task T; is a chain of subtasks {7; ;}. Each sub-
task 7; ; is one continuous execution thread of 7; on
one processor. In other words, if the execution thread
of T; migrates from processor to processor n times,
T; has (n + 1) subtasks. We assume that the migra-
tion pattern of the execution thread of every task is
fixed. Moreover we know (a) the number nj of sub-
tasks in Ty, (b) the execution time 7; ; of each subtask
T; ;, and (c) the processor on which each subtask ex-
ecutes. We also assume that each subtask is assigned
a fixed priority, ¢;;, which may or may not be the
same as the priorities of other subtasks in 7;. Sub-
tasks on each processor are scheduled preemptively
in a priority-driven manner. Unless stated otherwise,
subtasks of different tasks are independent.

We confine our attention to the case where the sub-
tasks are statically released according to the phase
modification technique. Let ¢;; denote an upper
bound of the response time of 7; ;. According to the
phase modification technique, a subtask 7; ; is released
periodically, where the period p; ; of T;; is equal to

p;, and the phase f; ; of T; ; is equal to f; + Zi;i g

Clearly with this phase modification the first subtask
T; 1 is released at f;, f; +ps, .... Each instance of T; ;
for 7 > 1 1s released at a time when the corresponding
instance of its immediate predecessor T; ; _; must have
completed.

The problem we address here can be stated as fol-
lows: Given the parameters of all the subtasks in each
task and the priorities assigned to them, we want to
determine an upper bound ¢; of the response time of
task 7T; that is as tight as possible.

3 The Basic Algorithm

Let H; ; denote the set of subtasks that (a) are on
the same processor as T; ;, (b) are of different parent
tasks, and (c¢) have priorities higher than or equal to
T; ;. Let L; ; denote the set of subtasks that (a) are on
the same processor as T; ;, (b) are of different parent
tasks, and (c) have priorities lower than T; ;. Let H, ;
denote the set of tasks that have subtasks in H; ;.

A time demand is generated by a task when one
of its subtask is released. This time demand can de-
lay the execution and completion of a subtask 7; ; if
the released subtask is in H; ;. To account for the
time demand generated by tasks in H;; that can de-
lay the execution and completion of T;;, we intro-
duce the Per-Tusk Time Demand (PTTD) function,
M, (1), of each task Ty in H;; with respect to T; ;.
Let M]i’j (to,t) denote the time demand generated by
T} that can delay the execution of 7; ; during the time
interval [tg,tg +t). The PTTD function M]i’j (t) is an

upper bound of M]i’j (to,1) for any time instant #g, i.e.,
My (to,1) < My (1) (1)

for any time instant 5. Since only the subtasks of
T} that are in H;; can delay the execution of 7 ;, a
simple way to bound M]i’j (to,1) is to treat the subtasks
of T}, in H; ; as independent subtasks and to let them
all be released at time g, which is a critical instant
[3]. In other words, an upper bound is

o= 3 [ 2

Te€H, ; Pk

FEq.(2) gives a loose bound of M]i’j (to,1) since subtasks
of Ty are not independent. In the next section we
will present improved methods to compute the PTTD
function that yields tighter bound.

If T} ; does not have any sibling subtask which ex-
ecutes on the same processor as itself, the time de-
mand analysis method, proposed by Lehoczky [3], can
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Figure 1: Schedule on P; When 77 ; and 75, Are Released at Time 0

be extended to determine an upper bound ¢; ; of the
response time of 7;;. According to the extended
method, we first compute the time demand function,
Wi ;(t), which is equal to the execution time of Tj ;
plus the sum of M]i’j (t) for every T} in H; ;, L.e.,

Wi =mj+ >, M)
TveH;,;

(3)

for t < p; ;. Obviously, if an instance T} ; is released
at time ¢, an upper bound ¢; ; of the response time
of T; ; is the first time instant when the time demand
W; ; () is met by time supply ¢, i.e.,

Cij = min{t > 0|t = I/Viyj(t)}

(4)

We can use an efficient iterative method to compute
the right hand side of (4) if ¢; ; < p; ; [4]. According to
this method, Sy is set to W; ;(0) and S for k = 1,2, ...

is computed by the following equation.

Sy = Wi ;j(Sk-1) (5)

According to the Eq.(3) and (5), Sp is monotonically
increasing. If S converges to a number S* less than
or equal to p; ; after a finite number of iterations, the
number S* is returned as the value of ¢; ;. If S fails
to converge to S less than p; j, we return co as the
value of ¢; ;.

If T3 ; have some sibling subtasks executing on the
same processor as itself, the function W; ;(t) computed
by Eq.(3) may no longer be correct in determining
an upper bound of the response time of 7; ;. More
specifically, let SH; ; denote the set of subtasks each
of which (a) is a sibling subtask of T; ;, (b) executes on
the same processor as Tj ;, and (c) has priority higher
than or equal to 7; ;. If SH;; is not empty, subtasks
in SH; ; may interfere with the execution of 7; ; in an
intricate way, as illustrated by the following example,
Example 1. There are two tasks and two processors
in this system. The parameters of the subtasks are
shown in Table 1.

By definition, Hy 3 = {151}, H1,3 = {I»}. Accord-
ing to Eq.(2), M21’3(t) is equal to 2[£]. According to

Ti || proc | ¢ij | iy | Tij
Tia |l P | 1|20 3
Tis| P | 5 |20 2
Lo | | 3 | 5 | 2
T, P, | 2 |20 1

Table 1: Subtask Parameters for Example 1

Eq.(3), Wi 3(t) is equal to 2 + 2[%] After applying
the iterative method based on Eq.(5), we obtain ¢; 3
equal to 4. In this case, however, SH; 3 is not empty,
and it contains 71 ;. Suppose both 77 ; and 75 ; have
phases equal to 0. Since ¢; 1 is equal to 3 and ¢ 3 is
equal to 1, according to the phase modification tech-
nique, 77 3 should be released 4 time units after 77 ;
is released, i.e., fi 3 = 4. As shown in the schedule in
Figure 1, the response time of 77 3 is 5, greater than
the obtained upper bound ¢ 3.

One way to account for this interference is to treat
the subtasks in T; as independent subtasks as well.
The subtasks in SH; ; delay the completion of 7; ; by
the maximum amount when they are released at the
same time as T; ; is released. Consequently we can
bound this delay by introducing in the right hand side
of Eq.(3) an extra term A, ;, which is equal to the sum
of the execution times of the subtasks in SH; ;, i.e.,

Z Tik (6)

Ty k€S5H;,;

Aij =

Rather than the time demand function W; ;(¢), we use
instead
Wi =mj+ 8+ Y, M)
TveH;,;

(7)

fort <ps ;.

We call the algorithms that compute the response
times based on the PTTD functions the PTTDF algo-
rithms. All PTTDF algorithms share the same high-
level structure, as described in Figure 2. They may use
different methods to compute the PTTD functions.
We call the algorithm based on the Eq.(2), (6) and
(7) the basic PTTDF algorithm.



The Structure of the PTTDF Algorithms
Input :

1. Task set {T;}. For each task T;, the period
p; and the execution time 7;;

2. Subtask set {T; ;} associated with the task
set {T;}. For each subtask T;;, the exe-
cution time 7; ;, the priority ¢;;, and the
processor T; ; executes on.

Output :
of T;.

An upper bound ¢; of the response time

Algorithm :

1. For every subtask 7; ;

(a) Compute H; ;;

(b) For every task Ty in H; ;
Compute the PTTD func-
tion M, (¢);

(c) Compute SH; ; and A, ;;

(d) Compute W/.(t) given by

Eq.(7);

(e) Compute ¢; ; using the itera-

tive method based on Eq.(5);

2. For every task T;

. —_— nl ..
¢ = Z]’:l Ci,j

Figure 2: Pseudo-Code of the PTTDF Algorithms

4 Improvements Over the Basic

PTTDF Algorithm

There are two ways to improve Eq.(2) to obtain
tighter bounds of M;”(ty,t) and thus tighter bounds
of the response times. The PTTD function M]i’j (t)
computed by Eq.(2) assumes that the subtasks of each
task in H; ; are independent. The actual time demand
may be less than the sum in the right hand side of
FEq.(2) because of the precedence constraints among
subtasks. The example, Example 2, described in Ta-
ble 2 illustrates this point.

According to Eq.(2), Mlz’l(t) is equal to 7“—5]
SH> ;1 is empty, and hence As; = 0. The time de-
mand functions W 1(¢) is equal to 2 + 7ff—5] Apply-
ing the iterative method, we find that cs; is equal to

Tij || proc | pij | Tij || iy
Toi || P |16 3 || 3
Tis| P | 15| 4 || 1
Lo | s | 2| 5
Tia|| P |15 | 3 || 3
Tall P |15 3 | 3

Table 2: Subtask Parameters for Example 2

0. Task T4 is not schedulable; so is the system.

However, subtask 77 and 7} 3 can never be re-
leased at the same time. Moreover, since the phases
of the subtasks are adjusted according to the phase
modification technique, subtask 7} 3 is always released
(c1,1 + c1,2) time units after 71 ; is released. Because
c1,1 > m,1 and ¢12 > 71,2, we can be sure that sub-
task T4 3 can never be released earlier than (7 1471 2)
time units after 77 ;. If the phase of 77 ; is 0 and the
phase of T 3 is pessimistically set to 711 + 71,2, the
time demand of 7} with respect to 75 ; is shown as the
stair-case function in Figure 3(a). On the other hand,
since the relative deadline of a task is less than its
period, if 77 is schedulable, the next instance of 77 ;
will not be released before the current instance of 77 4
completes. We can therefore conclude that, if 73 is
schedulable, the the current instance of subtask 77 ;
can never be released earlier than (713 4+ 7 4) time
units after the previous instance of 1) 3 is released.
The time demand of 77 with respect to 75 1, when the
phases of T7 3 and 711 are 0 and (71 34 71,4), respec-
tively, is shown in Figure 3(b). Let Mlzy’ll(t) denote
the stair-case function in Figure 3(a), and Mlzy’?} (t) de-
note the one in Figure 3(b). For any phase assign-
ments to subtasks in 77 and at any time instant ¢, the
amount of processor time demanded by 77 on proces-
sor Py during the time interval [0,¢) is less than either
Mlzy’ll(t) or Mlzy’?}(t), or both. Hence, we can bound
Mlz’l(O,t) by maX{Mlzy’ll(t), Mlzy’?}(t)} as shown in Fig-
ure 3(c). The time demand function Wj ,(¢) based
on this tighter bound is shown in dotted line in Fig-
ure 3(c) as well, and the upper bound ¢ 1 is obtained
equal to 6. 75 is schedulable. The pseudo-code for
this improved method to compute the PTTD function
is shown 1n Figure 4.

The second improvement to obtain the tighter
PTTD function M;”(t) is to account the effect caused
subtask T} ; in L;;, as illustrated by the example in
Figure 5. In this example, Example 3, the subtasks
of T1 that execute on the same processor as 7;; are
denoted as the solid line segments, and the other sub-
tasks of 77 are denoted by dashed line segments. The
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Figure 3: A Simple System

Improved method to compute the PTTD Functions
Input :

1. Subtask 7 ;.
2. Task T} in H; ; and its subtasks 7} ;.

Output : M,i’j(t)
Algorithm :

1. For every T} ; in H; ;
(a) Set the phase fi; of T} ; equal to 0.
(b) If1#1, set fr1 equal to fr ny + Thong-

(c) Set fpm equal to fym—1 + Thm—1 if
m# [l and m # 1.

(d) Compute the total time M]z’]l(t) de-
manded in time interval [0,¢) by all
subtasks 7} ; that are in H; ;.

2. Return maX{M,i’g(t)} for all Ty, ; in H; ; as

the PT'TD function M]i’j (1).

Figure 4: Pseudo-Code of the Improved Method to
Bound the PTTD Functions

length of each segment represents the processing time
of its corresponding subtask, and the height of the line
reflects its priority. The period of 77 is 50.

According to the first improvement to compute the
PTTD functions, function M{:é(t) is depicted in Fig-
ure 6(a), and the function M{:é(t) is depicted in Fig-
ure 6(b). The PTTD function Mf’j (t) thus obtained is
shown as the stair-case function in Figure 6(c). How-
ever, if T; ; is preempted by T 3, T1 5 will complete
later than 7;; because it is released later than T; ;
and has a priority lower than 7; ;. Since the phases of
all the subtasks are adjusted according the phase mod-
ification technique, the current instance of 73 g will be
released after the current instance of 77 5 completes,
which implies that the current instance of T3 s will
be released after 7;; completes. Obviously the cur-
rent instance of 77 ¢ will be released after 7;; com-
pletes also. In other words, if an instance of T;; is
preempted by T} 3, it will not be preempted by 7j o
before it completes.

On the other hand, suppose that 7; ; is preempted
by T1,9. If T} is schedulable and its relative deadline is
equal to its period, the next instance of 77 ; will be re-
leased after the current instance of 77 9 completes. In
this case, the next instance of 13 1, which isin L; ; , will
be released after 7; ; is released, and hence it will com-
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Second improved method to bound the PTTD Functions

Input :

1. Subtask 7 ;.

2. Task T} in H; ; and its subtasks 7} ;.
Output : M]i’j(t)
Algorithm :

1. Let H' denote the set of subtasks T} ; in H; ; that do not have a predecessor subtask in L; ;.

2. For every T} ;in H; ;
(a) Set the phase fi; of T} ; equal to 0.
(b) {1 # 1, set fr1 equal to fi ny + Thony-

(
(d

)
¢) Set fym equal to fym—1+ Te,m—1 if m#{ and m # 1.
) Let t' be the release time of the first instance of some T} in L;; if T} has subtasks in L; ;.

Otherwise let ¢’ be oo. M]z’]l (t) is equal to the time demand generated by all the subtasks of T
that are in H; ; during the time interval [0,¢) for 0 < ¢ < ¢/; M]z’]l (t) is equal to M]z’]l (t') plus the
time demand generated by subtasks in H' during the time interval [¢/,1) for ¢ > t'.

3. Return maX{M]i’g(t)} for all T3 ; in H; ; as the PTTD function M]i’j (1).

Figure 7: Pseudo-Code of the Second Improved Method to Bound the PTTD Functions

plete after 7; ;. Based on a similar argument as the
above case, we can conclude that if 7; ; is preempted
by T1 ¢ it will not be preempted by T} 3 before it com-
pletes. In summary, because of the existence of 77 ;
and T3 5, T; ; will be preempted by no more than one
instance of 7 3 or 11 9, l.e., Mf’j(t) =max{2,3} = 3.

To account the effect caused by the subtasks in L; ;,
we introduce a new subtask set H’ before Step 1 in
the first improved method to bound the PTTD func-
tions in Figure 4. Let H' denotes the set of subtasks
T, in H; ; that do not have a predecessor subtask in
L; ;. Obviously the time demand generated by sub-
tasks in H’ is not affected by any subtasks in L, ;.
Consequently Step 2(d) in the algorithm in Figure 4
i1s modified such that after the first instance of some
subtask in L; ; is released no further time demand is
generated except that generated by the subtasks in H'.
The pseudo-code of this further improved method is
shown in Figure 7.

5 Summary

In this paper we proposed an algorithm to bound
the response times of recurrent tasks in multiprocessor

system where subtasks are statically released accord-
ing to the phase modification technique. We intro-
duced the concept of a per-task time demand function
to facilitate the analysis of the worst-case behavior and
the computation of the worst-case response times. In
addition to the basic method of computing the PTTD
functions, two improvements were also proposed.

In a multiprocessor real-time system, the interfer-
ence among the executions of tasks are much more
complicated than on a single-processor system. In gen-
eral, it is impossible to identify the worst case with-
out any over-restrictive assumptions. In this paper
we bound the interference of a task in isolation, ex-
tend the time demand analysis to combine the bounds
of the interference to determine the response time of
a subtask, and eventually obtain a bound of the re-
sponse time of a task. This approach controls the
analysis complexity and yields reasonable bounds.
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