
Bounding the End-to-End Response Times of Tasks in a DistributedReal-Time System Using the Direct Synchronization ProtocolJun Sun Jane LiuAbstractIn a distributed real-time system, a task may consist of a chain of subtasks which execute on di�erentprocessors. In order to guarantee that all timing constraints are met in such a system, it is imperativeto be able to determine the end-to-end response time for each task. This report focuses on distributedsystems where tasks are periodic and scheduled according to �xed priority scheduling algorithms.Moreover, if a subtask has predecessors, every instance of the subtask is released as soon as thecorresponding instance of the immediate predecessor subtask completes. This report describes analgorithm that can be used to �nd upper bounds on the end-to-end response times of tasks in such adistributed real-time system.1 Assumptions and NotationsIn a distributed real-time system, a task may consist of a chain of subtasks. Subtasks in the sametask may execute on di�erent processors and have di�erent priorities. On each processor, subtasksare scheduled according to their assigned �xed priorities. One example is shown in Figure 1. Thereare four processors and three tasks in the system. Task T1 has only one subtask, which is the trivialcase. Task T2 executes on processor P4, P2, P1 and P3 sequentially. It has four subtasks. TaskT3 executes on processor P3 �rst, then on P4 and then back to P3 again. It has three subtasks. Ingeneral, an end-to-end task consists of a chain of subtasks which execute on di�erent processors, andthe task has a single deadline which speci�es the maximum allowed duration from the release of its�rst subtask till the completion of its last subtask. The deadline for an end-to-end task is often calledthe end-to-end deadline. 1
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Figure 1: An End-to-End SystemIn this report we focus our attention on tasks that are periodic. By a task being periodic, wemean that the �rst subtask of the task is released periodically and later subtasks in the chain arereleased according to the synchronization protocol used in the system. (More precisely speaking, theinter-arrival time between two consecutive instances of the �rst subtask is no shorter than the period.)This report considers only the Direct Synchronization (DS) protocol. According to this protocol, aninstance of a subtask that has predecessors is released immediately after the corresponding instance ofits immediate predecessor completes. (For more discussion on synchronization protocols, interestedreaders can refer to [1].) For example, a monitoring task in a control system may have threesubtasks: (1) the sampling subtask which samples physical parameters on the �eld processor, (2)the transmission subtask which transmits the date over a communication link, and (3) the displayingsubtask which processes the data and displays them on the control processor. If the DS protocolis used in the system, the transmission subtask will send the data immediately when the data areobtained by the sampling subtask, and the displaying subtask will start to process the data as soonas the data arrive at the control processor. 2



The end-to-end response (EER) time of a task (instance) is the length of time from the release ofan instance of its �rst subtask till the completion of the corresponding instance of its last subtask. Inthis report, we address the problem of how to compute an upper bound on the end-to-end responsetimes of tasks in a distributed system when the execution of subtasks is synchronized according tothe DS protocol. The assumptions we make in this report are listed below.1. The system consists of a set fPig of processors and a set fTig of end-to-end tasks.2. An end-to-end task Ti consists of a chain of subtasks, Ti;1, Ti;2, : : : , Ti;ni . There are precedenceconstraints between any two consecutive subtasks in the same chain. Speci�cally, an instanceof subtask Ti;j must complete before the corresponding instance of Ti;j+1 can start.3. Each task Ti is a periodic task. The period of Ti is pi. Again, we mean that the �rst subtask(Ti;1) is released periodically at the period pi and later subtasks in the chain are releasedaccording to the DS protocol.4. The maximum execution time of each subtask Ti;j is �i;j . Furthermore, the minimum executiontime of each subtask is greater than zero.5. Each subtask is assigned a �xed priority. Subtasks on each processor are scheduled togetherbased on their priorities.6. If there are multiple instances of Ti;j are ready for execution, they are scheduled on a FIFObasis. Let Ti;j(g) denote the gth instance of Ti;j. It is equivalent to say that subtask instanceTi;j(g) must complete before Ti;j(g+1) can start. This is the strategy typically used in practice.A closely related work is done by Tindell, et al. [2], where a similar problem is addressed. Nearthe end of this report, we will compare our approach with the one in [2].2 Clumping E�ectIn a system that uses the DS protocol, the time demand analysis for periodical task systems [3, 4, 5]cannot be used directly to obtain a bound on the response time of each subtask. In the worst3



case, several instances of a higher-priority subtask may execute back-to-back consecutively or ratherclosely together in time, a phenomenon called the clumping e�ect. The example in Figure 2 illustratesthis e�ect. Each circle in the picture represents a processor, and each box represents a subtaskthat executes on the processor. The subtask parameters are listed in the parentheses in each boxrepresenting the subtask. The �rst number is the period, and the second is the maximum executiontime. The end-to-end relative deadline for each task is equal to its period.
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PFigure 2: Example to Illustrate the Clumping E�ectWe assume that on P1 subtask T1;1 has higher priority than T2;1, and on P2 subtask T2;2 hashigher priority than T3;1. In addition, we assume that task T3 has a phase of 4 and others have zerophases. A schedule for the �rst 10 time units of this simple system is shown in Figure 3. In theschedule, we notice that the �rst two instances of T2;1 complete at time 4 and 8, causing two instancesof T2;2 to be released at those times. Because the completion times of T2;1 are not periodic, the releasetimes of T2;2 are not periodic. As a result, the �rst two instances of T2;2 execute close together, whichcauses the �rst instance of T3;1 to be preempted twice by T2;2, and T3 misses its deadline at time 10.On the other hand, if T2;2 were released periodically, T3;1 would never be preempted twice by T2;2because they have the same period.In general, the completion time of a subtask can vary widely, especially if the subtask is nearthe tail of a long subtask chain. The variation is not only caused by preemption by higher prioritysubtasks but also due to variations in the execution times of subtasks. If one instance of Ti;j completesrather late but all subsequent instances complete relatively early, it is conceivable that many instances4



of Ti;j+1 can be released and ready for execution almost at the same time. If there is another subtaskon the same processor as Ti;j+1 but with a lower priority, its execution will be delayed much furtherthan if Ti;j+1 were released periodically. As a consequence, the schedulability of the whole system isa�ected negatively. This is what we call the clumping e�ect.
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Figure 3: One Schedule of the System in Example 1When we bound the end-to-end response time of a task, a natural approach is to bound theresponse times of all its subtasks and then sum the bounds together. The clumping e�ect, however,causes many di�culties for this approach. We note, from the previous example, that a subtask whoseexecution is synchronized according to the DS protocol interferes with the execution of a lower prioritysubtask on the same processor much more than a periodic subtask. To bound the extra interferenceprecisely, we will end up with a mutual dependent system to solve [2]. Furthermore, since manyinstances of the same subtask can be released almost at the same time, they may interfere with eachother (because later instances need to wait until previous instances complete before they can start).Under this situation the bound on the response time of a subtask may be quite pessimistic.In this report, we take a di�erent approach. For each subtask Ti;j , we de�ne its intermediateend-to-end response time, or its IEER time, to be the length of time from the release of an instance5



of Ti;1 till the completion of the corresponding instance of Ti;j . We bound the IEER times of subtasksinstead of the response times of subtasks, and naturally the bounds on the IEER times of the lastsubtasks are the bounds on the EER times of the corresponding parent tasks.3 Algorithm EERT/DSThe algorithm that uses the above described strategy is called Algorithm EERT/DS. Figure 4 showsits structure. The input to Algorithm EERT/DS is the parameters of a set of end-to-end periodictasks, T, and the output is a set R of correct upper bounds on the task EER times. According toAlgorithm EERT/DS, we �rst obtain an initial upper bound on the IEER time for each subtask,fRi;jg. This initial bound may be too optimistic, i.e., the bound may be incorrect because it canbe smaller than the actual worst-case IEER time of the subtask. We then feed both the parametersof the tasks and the initial bounds to Algorithm IEERT, which computes a set fR0i;jg of new upperbounds on subtask IEER times. If all the new bounds are equal to their corresponding bounds atinput, the bound Ri;ni on the IEER time of the last subtask of each task is the (correct) upper boundRi on the task EER time obtained by Algorithm EERT/DS. Otherwise, we set Ri;j to be equal toR0i;j for every subtask, use the new input and apply Algorithm IEERT again. We repeat this iterativeprocess until all the new bounds are equal to their corresponding input bounds. In the rest of thissection we �rst describe Algorithm IEERT, and then prove that the bounds obtained by AlgorithmEERT/DS are correct upper bounds on task IEER times when the iteration terminates.3.1 Algorithm IEERTWe now focus on Algorithm IEERT, which takes as input the parameters of a set of end-to-endperiodic tasks in the system and upper bounds on the IEER times of subtasks. The algorithmcomputes a set of new upper bounds on the IEER times of subtasks as the output. In the followingdiscussion, we focus on subtask Ti;j , the target subtask whose IEER time is to be bounded.The key technique used in Algorithm IEERT is an extension of busy period analysis [4, 5]. We�rst de�ne a �-level idle point and a �-level busy period.De�nition 1 In the schedule of a processor P , a time instant t is a �-level idle point if only if every6
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Figure 4: The Diagram of Algorithm EERT/DSsubtask instance that is released on P before time t and has priority higher than or equal to � hascompleted by time t.De�nition 2 A �-level busy period is a time interval of non-zero length between two consecutive�-level idle points in a schedule.Intuitively, a �-level busy period is simply a time interval during which only subtasks with prioritieshigher than or equal to � execute. However, the intuitive understanding of a busy period can bemisleading. For example, in Figure 5, subtask T2;1 has higher priority than T1;1. In the interval(t1; t3) subtasks with priorities higher than or equal to �1;1 execute continuously. However, (t1; t3) isnot a single �1;1-level busy period. Instead, according to the de�nition, it consists of two �1;1-levelbusy periods, (t1; t2) and (t2; t3), because t2 is an idle point. In our subsequent discussion, by a busyperiod, we mean a �i;j -level busy period in the schedule of the processor where Ti;j executes unlessotherwise stated. (Ti;j is the target subtask.)We now derive a bound on the maximum durationD of a �i;j-level busy period and the maximalnumber M of instances of Ti;j that can be in a �i;j-level busy period. Let Hi;j denote the set ofsubtasks, excluding Ti;j , that are on the same processor as Ti;j and have priorities higher than orequal to Ti;j . Suppose the maximum duration of a �i;j-level busy period is D. At the end of thebusy period, the time supply since the beginning of the busy period must be equal to the total time7
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Figure 6: Maximal Duration of the �i;j-level Busy Periodpositive number.) Then for i = 1; 2; : : :, let Si = W (Si�1). If there is a positive solution for D, Siwill eventually converge to the solution. This solution gives the maximum duration of any �i;j-levelbusy period in the schedule of the processor where Ti;j executes.We now try to obtain an upper bound on the IEER time for each instance of Ti;j in the busyperiod. Given the maximum duration D of any �i;j-level busy period, the maximal number M ofinstances of Ti;j in the busy period is given byM = �D +Ri;j�1pi � (3)Let t0 + C(m) (1 � m � M) be the worst-case completion time of Ti;j(m), the mth instanceof Ti;j in an �i;j-level busy period. By an analysis similar to the one described in the previousparagraph, the following time demand and supply equation can be established for C(m).C(m) = m�i;j + XTu;v2Hi;j �C(m) +Ru;v�1pu � �u;v (4)Again, this equation has a solution for C(m) ifPTu;v2Hi;j �u;v=pu is less than 1. The iterative processdescribed earlier can be applied to obtain the solution for C(m). From Figure 6, a lower bound onthe release time of Ti;1(m) is t0�Ri;j�1+(m� 1)pi. Let R(m) denote an upper bound on the IEER9



time of Ti;j(m), and it is thus computed byR(m) = (t0 + C(m))� (t0 �Ri;j�1 + (m� 1)pi (5)= C(m) +Ri;j�1 � (m� 1)pi (6)Since R(m) is an upper bound on the IEER time of the mth instance of Ti;j in any �i;j-levelbusy period, the maximum of R(m) for m = 1; 2; : : : ;M must be an upper bound on the IEER timeof Ti;j in general. This is the new bound R0i;j computed by Algorithm IEERT. The pseudo-code ofthe Algorithm IEERT is listed in Figure 7. From the above analysis, we can see that the correctnessof R0i;j depends on the correctness of the input bounds. As long as all the input bounds are correct,the output bounds computed by Algorithm IEERT are correct.Algorithm IEERTInput : 1. A set fTig of end-to-end periodic tasks.2. A set fRi;jg of bounds on the IEER times of subtasks.Output : A set fR0i;jg of new bounds on the IEER times of subtasks.Algorithm :For each subtask Ti;j1. Compute the maximal duration D of a �i;j-level busy period by solving the following equationD = XTu;v2Hi;j[fTi;jg�D + Ru;v�1pu � �u;v2. Compute the maximal number M of instances of Ti;j in a �i;j-level busy period byM = �D + Ri;j�1pi �3. For m = 1 to M do(a) Compute C(m) by solving the following equation.C(m) = m�i;j + XTu;v2Hi;j �C(m) + Ru;v�1pu � �u;v(b) Compute R(m) byR(m) = Ri;j�1 +C(m) � (m � 1)pi4. Compute the new bound R0i;j byR0i;j = maxfR(m)g; for 1 � m � MFigure 7: Pseudo-Code of the Algorithm IEERT10



3.2 Algorithm EERT/DSLet R = fRi;jg, and IEERT (T;R) denote the set R0 of new upper bounds obtained by AlgorithmIEERT, i.e., R0 = IEERT (T;R). Figure 8 lists the pseudo code of Algorithm EERT/DS. In theinitialization step, for each subtask Ti;j, we use sum of the maximum execution times of Ti;j and itspredecessors as an initial estimate of the bound on its IEER time. Obviously, this estimation maybe over-optimistic. After the iteration terminates, the bound on the IEER time of Ti;ni computedduring the last iteration is the bound on the EER time of Ti.Algorithm EERT/DSInput : Task set T.Output : The set R of upper bounds on the EER times of tasks.Algorithm :1. For each subtask Ti;j,Ri;j = jXm=1 �i;mR0i;j = 02. Repeat until (Ri;j = R0i;j for every subtask Ti;j)(a) R0 = R.(b) R = IEERT (T;R0).3. For each task Ti, Ri = Ri;ni.Figure 8: Pseudo-Code of Algorithm EERT/DSTheorem 1 states an important attribute of Algorithm IEERT, which can be applied directly toprove that Algorithm EERT/DS is correct. The proof of this theorem makes use of the followinglemma.Lemma 1 Suppose that a subtask instance Ti;j(g) completes at time t. If the IEER time of everysubtask instance Tu;v(w) that completes before t is no greater than Xu;v > 0, then the IEER time ofTi;j(g) is no greater than X 0i;j, where X0 = IEERT (T;X).Proof: 11



The correctness of Lemma 1 follows from the extended busy period analysis presented in the previoussection. 2Theorem 1 Suppose for each subtask Ti;j there exists some Xi;j > 0. Let X = fXi;jg. If X =IEERT (T;X), then Xi;j is a correct upper bound on the intermediate end-to-end response time ofTi;j.Proof:Suppose that the system starts to run at time origin. As an induction basis, we show that the IEERtime of the �rst completed subtask instance in the system is no longer than Xi;1. We then provethat the IEER time of any subtask instance (Ti;j(g)) that completes at time t is no longer than Xi;jeither, provided that the IEER time of every subtask instance Tu;v(w) that completes before time t isno longer than the corresponding Xu;v value. By induction, we can conclude the theorem is correct.Induction basis : Starting from the time origin, the �rst completed subtask instance in the systemmust be the �rst instance of the �rst subtask of a task. Let this subtask instance denoted byTi;1(1). Suppose that Ti;1(1) completes at time t. Obviously on the processor where Ti;1executes, Ti;1(1) has the highest priority among all subtask instances that are released beforetime t. The response time of Ti;1(1) is then equal to its execution time which is less than orequal to �i;1. On the other hand, by the condition of the theorem that X = IEERT (T;X), wecan verify that Xi;j must be greater than or equal to �i;j for every subtask Ti;j. Therefore, theresponse time of Ti;1(1), or the IEER time of Ti;1(1) in this case, must be less than or equal toXi;1.Induction : Suppose an arbitrary subtask instance Ti;j(g), which is not the �rst completed subtaskinstance in the system, completes at time t, and the IEER time of every subtask instance Tu;v(w)that completes before time t is less than or equal to Xu;v . According to Lemma 1, the IEERtime of Ti;j(g) is no greater than X 0i;j , where X0 = IEERT (T;X). By the condition speci�edin the theorem, we have X0 = X. Thus the IEER time of Ti;j(g) is no greater than Xi;j . Byinduction, the IEER time of every subtask instance in this schedule is no greater than Xi;j . 212



Corollary 1 When it terminates, Algorithm EERT/DS yields correct upper bounds on task EERtimes.3.3 Termination of Algorithm EERT/DSUnfortunately, Algorithm EERT/DS does not always terminate, as shown by an example in Figure 9.In this example, there are 6 processors and 2 tasks. The period of each task is 3 time units, andthe maximum execution time of each subtask is 1 time unit. On each processor the subtask whosecorresponding box is drawn higher in the processor circle has a higher priority.
T

T

T

T T

T

T

T

T

T

T

T1,1 1,2 1,3

1,4 1,5 1,6

2,12,22,3

2,42,52,6 Figure 9: An Example to Show that Algorithm EERT/DS may Never TerminateWe now show that if we apply Algorithm EERT/DS to this system, the algorithm will neverterminates. To do so, we follow the iteration steps in Algorithm EERT/DS. Speci�cally, we startwith T1;1, T1;2 and T1;3.1. Initially, R1;1, R1;2 and R1;3 are equal to 1, 2, and 3 respectively.2. After the �rst iteration, R1;1, R1;2 and R1;3 will increase by at least 1 time unit due to thepresence of T2;4, T2;5 and T2;6.3. After at most 5 iterations, R1;3, R1;4 and R1;5 will increase by at least 3 time units comparedwith their initial values. This is because the increases of R1;1, R1;2 and R1;3 in Step 2 will bepropagated to the bounds of later subtasks in the subtask chain. (See Step 3(b) in AlgorithmIEERT.)4. Due to the fact that R1;3, R1;4 and R1;5 have values 3 units larger than their respective initialvalues, R2;1, R2;2 and R2;3 will increase by at least 1 time unit compared with their initialvalue in the next iteration step. (See Step 3(a) in Algorithm IEERT.)13



5. Similar to Step 3, we will see, at most 5 iterations after step 4, R2;3, R2;4, and R2;5 will increaseby at least 3 time units compared with their initial values, due to the propagation of increasesof R2;1, R2;2 and R2;3. In the next iteration, R1;1, R1;2 and R1;3 will be further increased by atleast 1 time unit. This essentially put us back to the similar situation when we started fromstep 2.From the above description, we can see that the iteration in Algorithm EERT/DS essentially forms apositive feedback loop that causes the bounds on subtask IEER times to never converge. In practice,we are never interested in a bound which can be arbitrarily large. In particular, when tasks haverelative deadlines, we are not interested in the bounds anymore once we know that the boundsare larger than the deadlines. In this case, we can set up an additional termination condition forAlgorithm EERT/DS so that it terminates either when an solution is obtained or when the boundsexceed the relative deadlines.4 Relation with Previous WorkAs we have mentioned earlier, Tindell, and et al. proposed a solution in [2] for a very similar problem.In their approach, the irregular release times are called release jitters, and the extra interference toa target subtask caused by release jitters is counted in their extended busy period analysis method[6, 7]. The release jitters are propagated along the subtask chains. The response time of each subtaskis thus bounded and the bound on the EER time of each task is simply the sum of the bounds on theresponse times of all its subtasks.However, in their approach, although the release jitters of the interfering subtasks, i.e., subtasksthat are in Hi;j , are correctly taken into account, release jitters of the target subtask is not takeninto account. Tindell, et al. assumed that the target subtask is periodic [7]. This is only true forthe �rst subtask in each end-to-end task. When a target subtask (Ti;j) is not the �rst subtask, itselfhas release jitters. In an extreme case, several instances of Ti;j may be released closely together intime, and the worst-case response time of Ti;j is longer than the one when Ti;j is periodic, which isobtained by the method in [7]. Since the approach proposed in [2] uses the method in [7] to obtain14



an upper bound on the response time of a subtask, we expect that in general Tindell's approach willnot yield correct upper bounds on the end-to-end response times of tasks.5 SummaryIn this report, we described an algorithm, Algorithm EERT/DS, that computes upper bounds on thetask EER times in an end-to-end system where the DS synchronization protocol and �xed priorityscheduling algorithms are used. The DS protocol has many merits: it is simple to implement, it haslow run-time overhead, and it yields short average EER times of tasks [1]. Algorithm EERT/DSenables us to analyze the schedulability of a system that uses the DS protocol and, consequently,makes the DS protocol applicable to hard real-time systems.In this report, we assume that �xed priority scheduling is used. It is possible a dynamic priorityscheme might work better in such a systems. In that case, Algorithm EERT/DS is not applicableanymore, and new analysis methods need to be developed in the future.References[1] J. Sun and J. W.S. Liu. Synchronization protocols in distributed real-time systems. In The 16thInternational Conference on Distributed Computing Systems, Hong Kong, May 1996.[2] K. Tindell and J. Clark. Holistic schedulability analysis for distributed hard real-time systems.Microprocessing and Microprogramming, 50(2):117{134, April 1994.[3] C. L. Liu and J. W. Layland. Scheduling algorithms for multiprogramming in a hard-real-timeenvironment. Journal of the Association for Computing Machinery, 20(1):46{61, January 1973.[4] J. Lehoczky, L. Sha, and Y. Ding. The rate monotonic scheduling algorithm: Exact charac-terization and average case behavior. In IEEE Real-Time Systems Symposium, pages 166{171,December 1989.[5] J. Lehoczky. Fixed priority scheduling of periodic task sets with arbitrary deadlines. In 11thIEEE Real-Time Systems Symposium, pages 201{209, December 1990.15
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